TEXAS A&M UNIVERSITY
TOPOLOGY/GEOMETRY QUALIFYING EXAM
January 2025

e There are 10 problems. Work on all of them and prove your assertions.
e Use a separate sheet for each problem and write only on one side of the paper.
e Write your name on the top right corner of each page.

Topology Part:

Problem 1 Let U be an open subset of a topological space. Is it true that U equals the
interior of its closure? Justify your answer.

Problem 2 Let X be a metric space with metric d.

(a) Show that d : X x X — R is continuous.
(b) Let X’ denote the a space having the same underlying set as X. Show that if d : X/ x X’ —
R is continuous, then the topology of X is finer than the topology of X.

Problem 3 Let X be a locally compact Hausdorff space. Is it true that if X has a countable
basis, then X is metrizable? Prove your answer.

Problem 4 Compute the fundamental group of the closed orientable surface of genus 2.

Problem 5 Let S™ be the n-dimensional sphere.

(a) Show that S' and S™ are not homeomorphic if n > 1.
(b) Show that S? and S" are not homeomorphic if n > 2.

Differential Geometry part:

Problem 6 Let M be a smooth manifold and aq, - - - , oy are closed differential forms on M,
ie, do;=0foralli=1,.--- k.

(a) Prove that oy A--- A a, is closed.

(b) If one of a, ..., ay, say a1, is an exact differential form, i.e. there exists a differential
form 3 such that df = a1, prove that a1 A ... A oy is exact.
Problem 7
(a) Are the following subsets embedded submanifolds of R?:
(1) xS - yS = 07
(11) x2 - y2 = Oa

(iii) 23 —y% = 0?
Prove your answer in each case.

(b) Show that the set of n x n matrices of rank 1 is an embedded submanifold of the space
of all n x n matrices. What is the dimension of this submanifold?

Problem 8

(a) Given a differential 1-form w and two vectors fields X; and X5 on a manifold M let

T(X1,X2) = X1 (w(X2)) — Xo((w(X1)) — w([X1, X2]).



2 Prove that for every f1, foa € C°(M)
T(fiX1, f2X2) = fifoT (X1, Xa).

(b) Let Vec(M) be a set of all smooth vector fields on a manifold M . Assume that
w: Vec(M) — C>*(M) is a C°°(M )-linear map, i.e.
w(fiX1 + foX2) = fiw(X1) + fow(X2), VX1, Xs € Vec(M), f1, f2 € C(M).
Prove that if X7 and X5 are two vector fields such that for some point p € M we have
X1(p) = Xa(p) then

w(X1)(p) = w(X2)(p),

i.e. w defines a differential 1-form on M.

Problem 9 Let M be a 2-dimensional Riemannian manifold Let (X7, X2) be a local orthonor-
mal frame defined in a neighborhood U C M . Let (w!,w?) be the dual coframe to (X7, Xs),

i.e. w' i =1,2, are 1-forms such that for every x € U we have w'[x(X;(x)) = 5{
(a) Prove that there exists the unique 1-form wi such that
dw' = —w) A w?, dw? = wi Aw!

The form wi is called the canonical connection form of the orthomormal frame (X7, X5).

(b) Let (X1, X2) be another local orthomormal frame in U and (&', &?) be its dual coframe.
Assume for simplicity that (X7, X2) defines the same orientation on U as (X1, X3).
Let @) be the canonical connection form of the frame (X, X3). Prove that

dod = dw?.
(¢) Let K and K are to functions on R? such that
dwy = Kw' Nw?, dad = Ko' AG2.
Prove that K = K.
Problem 10

(a) Give the definitions of an involutive distribution and of an integral submanifold of a
distribution in terms of a local basis of vector fields.

(b) Let M and N be 2-dimensional smooth manifolds. Let (X, X3) be a frame on M and
(Y1,Y2) be a frame on N such that there are constants k; and kg so that

(X1, Xo] = k1X71 + ko X, [Y1,Y2] = k1Y) + koYa.

Prove that for every ¢ € M and p € N there exist a neighborhood U of ¢ in M, a
neighborhood V' of p in N, and a diffeomorphism F': U — V such that

Vi = F.X;, Ys=F.Xs.

Hint: Define a special involutive distribution on on the manifold M x N.

n fact, Vec(M) is a C°°(M)-module.



